Basic Probability Rules

Addition Rule: P(AUB)= P(A)+ P(B)— P(4NB)

Multiplication Rule: P(ANB) = P(AB)P(B)=P(B|4A)P(A4)

Conditional Probability: P(4|B) = %
P(B|4,)P(4,)

Baye'sRule: P(4,|B)= W

Pl(4u B)|=P(4'nB)
Pl(an B)'|=P(4’uB’)

DeMorgan's Laws:

Law of Total Probability: P(B)= P(BN A)+ P(Bn 4’)
Aand B are independent (41 B) if & only if:

« P(4n B)= P(A)P(B)

« P(4|B)= P(4)

« P(B|4)=P(B)

Multiplication Rule: The number of ways to make »n choices, having
k; options for choice number i ,isequalto k, -k, ... .k, .

Permutations of n objects: n/

/
Permutations of k out of n objects: nPk = n ik) ;

Partitions: The number of ways to partition n objectsinto 4 non-
overlapping groups with sizes n,, n,, ..., n, is equal to:
n n!

nn, -n m!lny!om!

Combinations: The number of ways to choosing k out of n objects:

_(n)_o__n
: ”Ck_(k)_k/-(n—k)/

Distribution and Density Functions

Discrete Distribution Functions

la<x<b]= ZX - flx
CDF:  F(x) = P[X=x] = me x

PlX>x] = 1-F(x)

PMF: f(x) = P[X =x]|,

Survival Fn: S(x) =

Continuous Distribution Functions

PDF: f(x)mzlfsP[xfs<x<x+e], Pla<x<b]= _fj dx

F: F(x) = Plx=x] = [ f(t)dt

Survival: S(x) = P[X>x| = 1-F(x)
Derivatives: F'(x) = —=S'(x) = f(x)

Hazard Rate: /(x) = fj(px()x) = %ln[l—F(x)]

Summation & Integration Formulas

The following formulas are useful to know:

+ 1
e 14243440 = Mol
n
e atar+art+. +ar' = 2247
1-r
e atar+ar tar+.. = -2 |r<1
—r

o 1427437447 +.. = ——

. J‘:xkeiaxdx _ k!

k+1
a

Moments and MGF's

Expected Value (Discrete): E
Expected Value (Continuous): E

DarthVaderRule: If X >0 ,then E[X]= JmS(x)dx
Variance: Var[X] = “Xfu)z] = E[XZ] (E
Algebraic Properties: Ela X +b] =a E[X] +b

Var[a X + b| = a’ Var| X

Moments
* n-th Moment: E[X"]
* n-th Central Moment: E[(X —MH

Moment Generating Functions

IX]

MGF Definition: M (1) = E|

MGF Properties:
° Mx<0) =1
« M/, (0)=E[X] and M(0)=E[x"]
dZ
. P ln[MX(t)]KZO = Var[X]
« If Xis discrete with f (x)=p,  then M , =Y pe*

Conditional Expectations

e« E[X|la<X<b] = F(b>iF(a>J.xf(x)dx
. E[X|X<k}:mj:oxf(x)dx
. ElX|X>k|= I—_Txf(x)dx

Miscellaneous Formulas

E[(X—MH

3
o

* Skewness:

* Coefficient of Variation: ¢, =0 /u

* 100p-th Percentile: F(m,) = p

1
2

* Chebyshev's Ineq: P“X—uX|>r0X] < .




Joint Distributions

Joint PDF and CDF
Discrete
« PMF: flx,y)=P[X=xand ¥ =y
« CDE: F(x,y) = P[X<xand Y<y] =

22 fls.1)

S<X 1<y

Continuous
* PDF: f(x,y) = joint density function
« CDF: F(x, y) = P[X<xand Y <y] =
« Pllx.v)eRr]= [, f(s.0)drds

F(x,y)=f(x.y)

I rls )deds

22
0x0y

Marginal Distributions
Discrete:

- Marginal pmF: Sx[x] = PLX =a] = Zf(x,y)

* Marginal CDF: Fylx] = Plx<x] Zf

=
Continuous:

I rxyay

* Marginal COF: F,(x) = P[x<x] = [* 7 (t)dr

* Marginal PDF: fx(x) =

Conditional Distributions

Shorthand Notation
glxly)=fyplx Y=y
o h(ylx)= fy |yl X=x)

Definition and Basic Properties

glx|y)= Llz.y)

)
fx.y)
< Byl = fx(y>
_ _ b _ 1 b
. Plasx<b|y=k] = [ flx|klax = fy(k)_faf(x,k)dx
o flxy)=glxly]fy(y)=hly|x)fy(x)

Expected Values and Variance

Expected value of (X ,Y)

En(x,Y)] = Z

« Continuous: E[h(X.,Y)] =

<[]

h(x,y)f(x,»)

* Discrete:

de—s .,
g8
-

hlxp)f (v, y)dedy
e E[X+7Y] =E[X]+ E[Y]

Marginal Expectation
. ElX] = Xxfila]
» ElX] =[x fylx)ar

Conditional Expectation
o EIXIY=k = Xxglx|k]
. [X|Y:k] = J.:xg(x|k) dx
- E[Ex|Y]] = E[x]
Conditional Variance
« Var|X|v=k] = E[X*|k]+(E[x|&]]

Law of Total Variance
o Var[X] = E,[Var[ XY ]]+Var,[E[X]|Y]]

Joint Distributions (Continued)

Covariance
Definition: Cov[X,Y] = E[XY]- E[X]|E[Y]
Properties of Covariance
e Cov[X,X] = Var| X]
. Var[x + Y] = Var[X]|+ Var[Y ]+ 2Cov[X, Y]
« CovlaX,bY] = abCov[X, Y]
ov[X +a, Y +b] = Cov[X, Y]

Cov[X,Y]

Correlation Coefficient: o, , = 50
. XY

Independence of Random Variables

If one of the following statements are true, then they all are:
e X and Y areindependent [AJ_B).
o flx,y) = fx(x)-fy(») andRis a (possibly infinite) rectangle.
o Flx,y) = Fylx)Fy(y)
glxly) = fy(x) and alylx) = £,(»)

The following statements are true if X and Y are independent, but do
not themselves imply independence:

« E[XY] = E[X]|-E[Y]

- Elg(x)n(y)] = Elg(x)}E[n(Y)]

o E[X|Y=k|=E[X| and E|Y|X=k|=E[Y]

. Cov[X,Y]=

* Pxy=0

Joint Moment Generating Functions

o My, (s,1) = E[eSXHY}
. E[x] = MX y(s,1)
s=t=0

. ElY] = iM (s,1)

at o ’ s=1=0

” m an+m
« EX'Y" = —/—M s, t
v = 2]

M Mx,y([:t) = MX+Y(t)

Bivariate Normal Distribution

If X and Y have a bivariate normal distribution, then:
* Xand Y are both normally distributed.
* The conditional variables X |(Y=k) and Y|(X=k) are normally
distributed.
Cov [X s Y]

Var[Y} (‘y_uy)

o
. E[X|YZJ’] = Mx+pxyﬁf(y_uy) = uy+

0/2\’(1 - p,zw)

Mixtures of Distributions

Assume p, + p,=1 and X, and X, arerandom variables. Let X
be defined as follows: P[X:x,]: p, and P[X:xz]: P, . Then:
* f(x) = plfl(x)+ szz(x)
. E[X] = E[X1]+sz[X2]
E[x?] = p,E[X3]+ p, E[X}]
. Mx(t) = PlMX‘(t)‘FPzMX?(t)

o Var[X|Y=y] =

Note: Var[X] # pIVar[X1]+ szar[Xz} .

Instead, use Var|X| = E[Xz]f(E[X])2




Transformations

Single Variable
Suppose that X is a continuous random variable with density f(x) .
Assume Y = u(X) isaone-to-one trans. withinverse X =v(Y).

o fily) = £y )
« If v(y) isincreasing, then F,(y) = F (v(y))

Multiple Variable

Suppose X and Y have joint density f(x,y) and that that Uand V are

functions of Xand Y. Let x(u,v) and y(u,v) refer to expressions for

x and y, written in terms of u and v. The joint pdf of U and V is given by:
o« gluy) = flxluv), ylu,v)V]

X

V|

X
* Notethat J =
Y Yy

Min/Max and Order Statistics

Minimum and Maximum

Suppose X,,...,X, areindependent random variables with CDF's and
survival functions given by F,(x), ..., F,(x) and S(x), ..., S,(x) .

o Fpulx) = Fi(x)-Fs(x) o F(x)

o Splx) = 8i(x)S,(x)- .. S,(x)

. le.”(x) =1 —[1 —Fl(x)}u..-[l —Fn(x)}

Order Statistics

Suppose X,,...,X, areindependent observations of a variable X ,
and Y, .., Y, arethe associated order statistics. Let g be the joint
pdf of the order statistics and let g; be the marginal pdf of Y, .
« gy ) = 0l f()- f(3) o f(3), where
M=M= .2,

)=kl F IS )

Insurance and Risk Management

Notation

¢ Let X = Loss associated with a claim.

* Let Y = Amount paid by insurer.

Deductible =d
ey = 0 if X=<d
x—d if X>d

« E[Y] = [ (x—d)fxlx)dx = [ S(x)dx

Policy Limit =u
Ly = 1X if X=<u
u if X>u

« E[Y] = [l xf (x)dc+uS,(u) = [, (x

Deductible=d and Policy Limit=u
0 if X=<d
o ¥V =i{X—-d if d<X<d+u
u if X>d+u

« ElY] = [ (x=d)f (x)dxruS (d+u) = [T, (x)dx

d

Sum of Random Variables

Expected Value and Variance

Assume Y=2X,-.Then:

« ElY] = E[X |+ E[X,]+ ..+ E[x)]
. Var[Y] = ZVar[XM-ZZZCov[X,,X]
* Note: ( J_Y]=>COV[X,Y]:

Covariance

Assume X = ZX and Y = ZY . Then:

i=1 i=1

. Cov[x, 7] = 3 covlx, ¥

Convolution Method (Discrete)

Let ¥ =X, + X,,where X,,X,>0.Then f,(») isgivenby:

= i::f(xwy_xl)

e (x1y) = 1, 2 Ay—x)

Convolution Method (Continuous)

Let Y =X +X,. Then f,(») isgivenby:
< Srly) = ff(xl, ~xild,

(XJ-Y) = fy( Ifl(xl)fz(y xl)

(Xlst>0) = fyly jf(xl)y xl)d

Moment Generating Functions

If Y :Z X, andthe X, 'sare pairwise independent, then:

i=1

o My(t)= My (1) My (t)- .. My (2)

1

Central Limit Theorem
e Assume X, .., X, are independent and identically distributed
(IID) with mean w and variance ¢ ,andlet Y = Z:Zl X, .
* Then E[Y] =nw and Var[Y]=no’.
« If nislarge, then ¥ ™ N (nyu, no?) .

Sums of Specific Distributions

k
Assume X, .., X, areindependentrandomvar'sand Y =Z,] X, .

Distribution of X; Distribution of Y

Bernoulli, BIN(1, p)
Binomial, BIN (n;, p)

Binomial, BIN(k,p)
Binomial, BIN(X.n,, p|
Poisson, mean A, Poisson, mean Y.\,
Geometric, p Neg Binom, k,p

Neg Binom, Zr[,p
NZw. 2o
Gamma, o=k ,p=1/n
Gamma, 201:01[,[3:[3
Chi-Square, Zki df

Neg Binom, r;,p
Normal, N(uw,o?) Normal,
Exp, mean 4
Gamma, o,

Chi-Square, k; df




Discrete Distributions

Additional comments:
. Relationship between Poisson and Exponential: Assume X = the time between successive events, and has an exponential distribution with mean 1/A .

Let N = the number of events occurring in one unit of time. Then N has a Poisson distribution with mean A .

Distribution Parameters f(x) E[x] Var[x] M (1) Description
. 1 ;
Uniform N>0 N N+1 N -1 éle™ 1) Each outcome x=1,2, ..., N is
X ~ UNIF (N) N aninteger 2 12 Nle'—= 1] equally likely.
x=1,2,.., N
. if x=0
Bernoulli 47 x: X =0 indications “failure”
0<p<l pifx=1 » Pq q + pe' -
X ~BIN(1, p) o] X =1 indicates “success”
x=0,
A q >0 x n—x
Binomial "o (”)P q 0 . .
n aninteger X np npq (q + pe‘) X = number of successes in n trials
X ~ BIN(n, p)
0<p<l x=0,1,..,n
. e\ .
Poisson ’>0 < 2 2 e X = number .Of times an event occurs
X ~ POI)) in a unit of time or space
x=0,1,2,...
Geometric 0<p<l 77 'p 1 q pe X = number of trials required to get
X ~GEO|(p) x=123,.. P r 1—ge' first success.
Negative +x—1|,r x .
Bin%)mial r>0 (r i )p q r rq pe' X = number of trials required to get r
0<p<l p P’ 1-g¢é successes.
X ~NBlr, p) x=0,1,2,...
N0 r\(N-r r objects of desired type
Hyper- x )\ n—x T objects total
q 0<r<NnmN r N-—-r||N—-n .
geometric N n|— nl—=||—— n = sample size
l=n=N n N NoAN - X= ber of desired object
X~HYP(N ,r.n)| Allare integers ) =number Sir jects
x<min[n, K| in sample
Continuous Distributions
Distribution Parameters flx) E[x] Var [x] M (1) Comments
. 1 ‘
Uniform Vb > b;a (b—af (e[jt_e)r
~ —alt
X ~ UNIF (a,b) u<x<h 12 a
2
n na .
Pareto a>0 na_ na 1P —2) Not a simple
n+ - -
X ~ PAR|a, n) n>1 x n—1 function.
for n>2
1 xS
Normal weR 2 ),
, o2n u o’ exp|ut + 2 !
X ~N(u, o ) o*>0 B
—0 < x <
E - Ae ™ N No memory property:
xponentia A>0 x>0 1 iz — P[X > x+y | X>x|=PlX>y]
X ~ EXP(\ Cax A A r—t _
F(x)=1-e Used to model time between events.
ol P If X;~EXPIM) and Y =X, +..+X
Gamma a>0 E - i | "
BT (at) ap ap? (1-p| then Y~ GAM (n, 1/} .
X ~ GAM (o, B f>0 x>0 It follows that GAM (1, 1/A) ~EXP(2.) .
xn/Z*]efx/Z
i- — ( n
Chi Square n=1,2, 2”/21“(}’1/2] v 2y (1 _ Zt)fnlz X NXZ‘}’I) o X~ GAM(E,Z)
X ~%*(n)
x>0

. Gamma CDF: Assume X ~ GAM (a,B) ,where a € Z* .Let k>0, L =Bk ,and ¥~ POI(\) .Then F,(k)=1—-F (a—1) .
*  MIN of Exponential Variables: Assume Y. ¥,. ..., ¥, have exponential distributions with means /A, 1/%,, ... 1/\, et

Y = min{Y], Y, ..,

Y, . Then Y has an exponential distribution with mean 1/(7»1 +ht+ .t 7»,,) .




